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O N  S U B M O D U L A R  F U N C T I O N  M I N I M I Z A T I O N  

W I L L I A M  H. C U N N I N G H A M *  

ReceitJed 4 December 1984 

Earlier work of Bixby, Cunningham, and Topkis is extended to give a combinatorial algo- 
rithm for the problem of minimizing a submodular function, for which the amount of work is bound- 
ed by a polynomial ~n the size of the underlying set and the largest function value (not its length). 

1. Introduction 

Let E be a finite set. A real-valued function g defined on subsets o f  E is sub- 
modular if 

g ( A ) + g ( B )  >~ g(AUB)+g(AAB) 

for all A, B % E. Familiar examples of  submodular functions include cut.functions," 
g(A) is the sum of  (positive) capacities o f  edges leaving A, where E is the vertex-set 
o f  a flow network, and matroid rank functions: g(A) is the rank of  A, where E is the 
set of  elements of  a matroid. The problem of  minimizing a submodular  function 
includes as special cases, those of  finding the minimum cut in a flow network, test- 
ing whether a given vector is a convex combination of  incidence vectors of  indepen- 
dent sets of  a matroid, or testing whether a given vector is a feasible solution to any 
o f  a number  of  combinatorial  optimization models, such as polymatroid intersection. 
Other applications and a description of  the close connection between submodular  
functions and convex functions can be found in the survey paper  of  Lowisz [9]. 

The general algorithmic problem of  submodular function minimization is 
usually treated in an oracle context, that is, we assume that  function g is available 
only through a "black box" subroutine which computes g(A) for  any AC=E. The 
computat ional  effort o f  a minimization algorithm is measured by the number  of  calls 
on the oracle, plus the amount  of  other computat ion performed; that  is, an oracle- 
call is regarded as an "elementary step". 

For  the situation in which g is integer-valued and known to satisfy [g(A)l ~_M 
for some positive integer Air and all d ~ E, Gr6tschet, Lov~isz, and Schrijver [8] 
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have given a minimization algorithm for which the running time is bounded by a 
polynomial in n=[E l and log M. This is therefore a polynomial-time algorithm 
in the usual sense. However, it is based on the ellipsoid method, and seems to be of  
little practical value. We mention two special cases in which more satisfactory mini- 
mization algorithms are known. If the submodular function g is known to be a cut 
function, there is an easy algorithm [6] to construct a flow network realizing g, using 
an oracle for g. Combining this procedure with well-known methods for finding a 
minimum-capacity cut in a network, we have an eflficient combinatorial algorithm 
for cut-function minimization. If the submodular function g is known to be of the 
form g(A)=r(A) -x (A) ,  where r is the rank function of  a matroid and x(A) deno- 
tes ~_~(xi: ./~A) for a vector (xj: j~E) (we use this notation throughout), then 
there is an efficient combinatorial minimization algorithm [5]. (Here we mention 
that r and x need not be known.) These two minimization algorithms share the desi- 
rable property that the number of  steps counting oracle calls and arithmetic opera- 
tions as single steps, is bounded by a polynomial in n, independent of  the size, or even 
the rationality, o f  g, furthermore, the number of digits of any number occurring during 
this computation is bounded by a polynomial of the number of  digits in the input 
number, that is, they are "strongly polynomial". In addition, the only arithmetic 
operations that they need are additions, subtractions, and comparisons. Of course, 
the ellipsoid method does not enjoy these properties. 

However, the two special cases just mentioned seem to be the only ones so 
far solved in a satisfactory manner. It is an outstanding open problem to find a 
practical combinatorial algorithm to minimize a general submodular function, 
which also runs in polynomial time. In [1] a combinatorial approach to the problem, 
which generalizes the one used in the matroid case [5], was introduced, but the result- 
ing algorithm was proved only to be finite. In this paper we describe an algorithm 
based on the same ideas, which runs in "pseudo-polynomial time". That is, where g 
is integer-valued and satisfies Ig(A)]~zM for all A =CE, its running time is bounded 
by a polynomial in n and M. For several applications, lbr example, the matroid inter- 
section problem, M is itself polynomially-bounded, and hence also is this algorithm. 

2. Preliminaries 

We review the approach described in [1, Section 4] and the underlying results 
of  Edmonds [7]. That  approach is based on the minimization of functions of the 
form f(A)+x(E'...A), where .v.~R L and f is a polynlatroMfunclion, that is, f is 
submodular, increasing ( f (A)~f(B) ,  if A~B) ,  and normalized (f(O)=0).  
Any submodular function minimization problem can be reduced to one of this 
fornl, based on the following easy result from [4]. 

Lemma 2.1. Let xj=g(EX,,{j})-g(E),  for each jEE. Define f hy f ( A ) =  
=g(A)+x(A)-g(O).  Then f is a poh'matroid function. 1 

For any AC:E, 

f (A  ) + x (E\ ,  A) = f (A)  - x (A) + x (E) 

= g(A) - g ( 0 ) + x ( E ) ,  
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so f(A)+.v(E'~ A) is minimized precisely when g is mimmized, as required. In addi- 
tion, we can assume that .x~0, by' the following argument. By submodularity, 
g(E' , . . { j} ) - -g(E)~g(dN{j})-g(A)  liar any . , ICE with ./EA. Therefore, if 
xj-<O, then j can be an element of no nfinimizer o fg .  Hence, where B =  {j: x j<0}  
we can restrict attention to the function g' defined on subsets of E ' \ B  by g' (A) =g(A).  

The motivation for minimizing f (A)+x(EN,  A), where f is a polymatroid 
function and x is non-negative, comes from tile work of  Edmonds [7J. Consider the 
polyhedron P(f)={y~RE: y=-:O, y (A)~ f (A)  for all At=E}; P(f )  is a "'poly- 
matroid". The next result provides a characterization of  minimizers of 
f ( A ) + x ( E \ A ) .  Notice that, ifg is integer-valued, then so too are x and./i 

Theorem 2.2. (Edmonds) max (y(E)"  3" ~x,  y~_ P(f))=rain (f(A)+x(E",,A): i ~1:'). 
Moreover, i f  f and x are integer-valued, then there exisls a maximizing y which is 
integer-calued. | 

Notice that max~min  in lheorem 2.2 is obvious. That Theorem 2.2 does 
provide a good characterization o f  the mininmm is not completely obvious. It fo r  
lows from the tacts that ),< P(f)  can be expressed as a convex combination ~ '  (2~vi: 
ig I) of at most n + l  extreme points c ~ of P(.[), and that Edmonds' "greedy algo- 
r i thm" [7] gives a good characterization of  extreme points. 

Given y{P( f ) ,  a set A ~ E  is y-tight if ),(A)=f(A). TILe union and inter- 
section of tight sets are easily shown io be tight also, so there is a unique maximal 
tight set, which we denote by cl (y), the closure of y. The main result of  [1] is an 
efficient algorithm which, given an extreme point ~'~ of P( f ) ,  constructs a poser Qi 
on c l (c  ~) whose lower ideals (sets B ~ c l ( v  i) such that a'-~b~B implies at, B) 
are precisely the c;-tight sets. Moreover, l\w each pair a, b such that a covers b in 
Q;, there is a number e=g~(a, b)>0,  also easily computed, such that c~+e{a}--e{b} 
is also an extreme point of  P(f). ([ 'or A ~ E ,  we also use A to denote the incidence 
vector of A, so v '+~'{a}-e{b} is obtained from c * by raising component a by :~ 
and lowering component b by c.) Finally, for each a~c l ( r  ~) there is a number 
c=e~(a, s) (this notation turns out to be convenient), also easily computed, such 
that ~,i+g {a} is an extreme point of P ( f ) .  

The above result, combined with the characterization of rain (f(A)+x(L"-,.A)) 
m Theorena 2.2, motivates the tbllowing augmenting path approach. We have extreme 
points r', igI, of  P ( f )  and positive numbers 2i, iEl, adding to one, such that 
y = Z ( 2 ~ c i :  iEl)-<_-x. (We may begin for example, with 1={0}, : = 0 ,  and 2,~=1, 
so y=O.) We wish either to find A such that y(E)=f(A)+x(E\ \A) ,  so A is a mini- 
mizer, or "augment"  y to a new y (and 1, 2) providing a better lower bound on the 
minimum. We construct a digraph G=G(I, 2) as t\~llows. The vertex-set is E !.., {r, s}, 
where r, s,:~E. There is an edge (r, a) for every a{E such that 1 , ,<x, .  There is an 
edge (a, b) for every pair a, bEE such that, for some i(1. a covers h in Q;. There is 
an edge (a, s) for every a<E such that for some i~l, a~cl (rl). 

Suppose that there exists no directed path from r to s in G. Then there is a 
set A such that no edge leaves AU{r}. It follows that y(EXxA)=x(E~',\A), since 
yj =.xj- for each j'£E",,A. Moreover, A is ~';-tight for each i~, I, so y (A) =.)7 (2~ d (A) : 
i,C_l)=X().if(A): iEI)=f(A). Hence y(E)=f(A)+x(E'~A),  and we are finished. 

Suppose, on the other hand, that there is a directed path in G having vertex- 
sequence r=ao, a~, a.,, ..., a,,, arn4]=S. We can construct an exPression for v '= 
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= y  + 6 {al} (for some 6 >0)  as a convex combination of  at most n + m + 1 extreme 
points, as lbllows: For  each./', l<=j~_m, choose i ( / )~I  such that a~ covers a.~+l 
in Qi(l), or aj~cl(v ~0)) if j = m ,  and let e~ denote the asso.eiated eiu)(aj, aj+l). 
Replacing 2~O ) by 2~o)-~ i and increasing the coefficient of  z,it~)+sj{aj}-8~ {aj+~}, 
or v~°")+e,, {a,,}, by a~>0, has the effect of  raising component aj of  y by Qt~ i and 
(if j<m)  of  lowering component aj+~ by %'+a~j+l- I f  we choose each ~j so that 
.~ i~=6 for all j ,  and make this change for each j ,  we obtain an expression for y ' =  
= y + 6  {a~} as a convex combination of  at most n + m +  1 extreme points of  P( f ) ,  
provided that the ~j are sufficiently small. We must choose 6 so that 

6 -!-- x(a~)-y(al); 
and so that 

~jt{J': i(j') = i(j), 1 ~ j" "~ m}l ~- ~(j), 1 #_ j :~-~ m.  

I f  we let k ( j )  denote the cardinality of  the above set, then the largest possible value 
for ~ is 

min (x(aO-y(aO,  rain (2,o)~j/kO): 1 ~ j :~ m)). 
After performing such an augmentation we can use a standard method from 

linear programming to obtain an expression for y '  as a convex combination of  at 
most n +  1 extreme points. (This technique is not the simplex method; it is just the 
method for turning a feasible solution into a basic feasible solution.) It requires 
O(n a) time, as does the method for constructing G, so finding and performing a single 
augmentation can be done in time O (na). In [1] arguments which involve refining the 
augmentation step so that the set I changes at each step, and can never be repeated, 
lead to a finite algorithm. Those arguments do not depend on any discreteness as- 
sumptions about f o r  x. In this paper we attempt to choose an augmentation whose 
amount 6 is relatively large: for this approach to give useful bounds, we do need 
assumptions about f and x. 

3. A refined algorithm 

As pointed out before, if g is integer-valued, then so too are f and x. By a 
well-known result [7], each extreme point v i of  P(f )  is integer-valued in this ease, and 
hence also are the numbers e~(a, b). Now suppose that g satisfies [g(A)I<=M for 
A c E. Then f satisfies 

f (A)  = g (A) - g (0) -1-~' (g ( E \  {j}) - g (g)" j E .4 ) 

2M(IA]+I),  for all A <= E. 

Moreover, x satisfies xj=g(E'.. .{j})-g(E)<=2M, for all ./(E. In the sequel we 
assume, for convenience, that M has been redefined so that the factor of 2 disappears. 
That  is, we assume that f(A)<--M(IA]+I) for all AC=E and that xj~_M for all 
j (E .  The method for obtaining an improved bound is based on the following result. 

Theorem 3.1. Suppose that f is integer-vahwd and satisfies f (A)  <= M(IA I + 1) .for all 
A c= E. Let N be a positive number. Given y, 1, 2 at an)., stage o f  the algorithm, there is 
an efficient algorithm which finds either 
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(a) An (r, s) dipath in G(I, 2) giving an augmentation of amount at least 
N/(Mn(n+ 1)~); 

o r  

(b) A set A~_E with y(E)+N>f(A)+x(E\A).  

Proof. We claim that if AC=E satisfies y(E)+N<-f(A)+x(E',,,A), then there 
exists either an edge (r, a) of  G with aCA and x,-y,>-_N/(Mn(n+ 1)2), or an edge 
(a,b) with aEA and bE(E",,A)U{s} and iEI with a covering b in Q~ and 
2i~i(a, b)/n = N/(Mn(n+ 1)-). Then the algorithm which searches for an (r, s) dipath 
in the subgraph of  G having only edges of these two types must terminate with either 
(a) or (b). (We are using the fact that any augmenting path has m ~ n  and hence 
min (2i(j)ej/k(j): 1-<=j<=m) is at least min(2i(~)ej/n: l ~ j ~ m ) . )  Now we prove 
the claim. Let p=f(A)-y(A). 

First, consider the case when p<N([A[+l)/(n+l). Then A=E would 
imply p=f(E)--y(E)>=N, a contradiction, so n - l A [ ~ l .  Now x(E'x,,A)- 
-y(E",,A)>=N-p, so there exists .iEE",,A with 

xj -y j  -~ ( N - p ) / ( n  -[A I) > ( N -  N(]A] + l)/(n + 1))/(n- IA t) 

= U/(n+l) >= N/(n(n+l)2M), 
as required. 

Next consider the case when p~N([Al+l)/(n+l). In this case, it is clear 
that p > 0 .  Then p=f(A)--y(A)=Z(2i(f(A)--vi(A)): iEI). Hence there exists 
i6l with 21(f(A)--v~(A))>=p/(n+l). For  this i, f(A)>vi(A). Since f(A)-v~(A)<= 
-<_f(A)<-M(MI+ 1), 

;., -~ p/((n+ I)M(IAI+ 1)), 

N/(n+ 1)~M. 

Now since f(A)>vi(A), there exist aEA, bE(E\A)U{s} such that a covers b in 
Qi. Then el(a, b)=>l, so 2i~z(a, b)/n>=N/(n(n+ 1)'-'M), as required. | 

Let us put N = I  in Theorem 3.1. The first time that the algoritltm fails to 
find an augmentation of  anaount at least 1/(Mn(n+ 1)2), it finds a set A ~ E  such 
that f (A)+x(E\A)<y(E)+ 1. But then it follows from Theorem 2.2 that this A 
minimizes f(A)+x(E',,,A), and we are finished. On the other hand, since 
m a x ( y ( E ) :  y~x,  y E P ( f ) )  cannot exceed x(E)<=Mn, there can be at most 
M2n2(n+ 1) 2 augmentations of  amount  at least 1/(Mn(n+ 1)~). Hence, the algorithm 
terminates after at most M2n~(n+ 1) 2 augmentations. 

We can improve this bound on the number of  augmentations by using Theo- 
rem 3.1 in a slightly more sophisticated way. Let q denote n ( n + l ) 2 M  and let K 
denote [log nMl. (Unless otherwise specified, the logarithm base is 2.) We refine the 
algorithm further, as follows. For  k=K, K-- 1, ..., 0, look for and perform augmen- 
tations of  amount at least 2k/q, until the above method first fails to find one. At the 
beginning of  stage k, the current y satisfies y ( E ) + 2 k + l > m i n  (f(A)+x(EX,,A)" 
A~=E). This is true for k=K by the definition of  K, and for other values o f k  
tbllows from putting N =  2 k+ Vq in Theorem 3.1. Therefore, the number of  augmen- 
tations during stage k is at most 2k+~/(2k/q)=2q. It follows that the total number 
of  augmentations is at most 2q(K+ 1). (Actually, there is a lot of  slack in these 
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bounds. It is easy to see that, if the number of augmentations in stage k is 2q, 
then there can be no more augmentations at all in later stages. In fact, one can 
show that there can be at most q log Mn augmentations in total.) Thus we have a 
bound of O(Mn a log Mn) for the number of  augmentations, and a time bound of  
O(Mn G log Mn) for the algorithm. 

There is a simpler version of  the algorithm for which the same time bound 
holds. Suppose that, at each step, we find an augmenting path which maximizes 
rain (x(aO-y(aO, min (2iU)eJn: 1 ~: j~m)) ,  and stop when this value becomes less 
than l/(Mn(n+ 1)'~). Then every augmentation in this "greedy" method will be valid 
in the above "staged" method, so the greedy method has the same bound on the 
number of augmentations. It is slightly more work to find an augmenting path in 
the greedy method than in the other method, but this work is dominated by the 
other work (auxiliary, digraph construction, linear algebra) involved in an augmen- 
lation, so the overall bound is valid. 

The greedy method has the advantages of being simpler to state and of making 
sense (except for the termination criterion) even in case g is not assumed to be in- 
teger-valued. (Lest the reader be misled by the nan:e, the greedy method does not 
attempt to find an augmentation of  largest possible amount:  that would seem to be 
very difficult to do.) 

We remark that there is a slightly more direct proof  of the bound for the 
greedy method. By Theorem 3.1 the gap between the current y (E )  and 
min(f(A)+x(E\A): ACE) changes by a factor of at most l-1/q, where 
q = M n ( n +  1)'-'. Since the natural logarithm function satisfies In (1 + z ) < z  for 
- 1 <z-<0,  we have q In ( 1 -  l / q ) < -  1 =In  (l/e). Therefore, ( 1 -  l/q)ql"c~'t"~< 
<(l/e)~"(M")= 1/Mn. Since the initial gap is at most A4n, it follows that the gap is 
less than I after at most q In (Mn) augmentations. After at most q more augmenta- 
tions the algorithm can be terminated, giving the same O(Mn(n+ I) ̀2 log(Mn))  
bound for the number of augmentations. 

4. Remarks 

4.1. Improving the bound. The bound we have obtained is based on the fact that 
each augmentation changes the gap between the current and final values of y (E )  
by a factor of at most (q- I)/q. The fact that q depends linearly oll M leads to the 
pseudo-polynomial bound. If, for example, we could always lind an augmentation 
for which the corresponding ratio were determined by a polynomial in 11 only, we 
would obtain a polynomial bound. Such a result would seem to depend on the exis- 
tence of i~:I and an edge (a, b) of G leaving A g E  with ei(a, b) large, whenever 
f (A)-y(A) is large. (In the proof  of  Theorem 3.1 we used only the fact that 
e~(a, b)> 1, by integrality.) In particular, one might expect such an edge to exist 
w h e n e v e r f ( A ) - c  i (A) is large. This need not be true, as the following example shows. 
Let E =  {1, 2, 3}, and define f by f ( 0 ) = 0 ,  f ( { l } ) = N +  1, f({2})=3N, f ( { l ,  2})= 
=f({3})=4N, f({I, 3})=5N, f({2,  3})=f({t ,  2, 3})=6N. Here N is a large integer. 
It is easy to check that f i s  a polymatroid function, and that r = ( N +  1 , 3 N -  I, 2N) 
is a vertex of  the associated polymatroid. The poset determined by v is linearly or- 
dered, with 3 covering 2, and 2 covering 1. Hence the only edge of  G leaving 
A={2,  3} is (2,1), and g(2, l ) = f ( { 2 } ) - , ' , , = l .  But f(A)--v(A)=6U-(5U-1)= 
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~-N+ I .  This example suggests that the arguments used here to obtain a pseudo- 
polynomial algorithm may not be enough to obtain a polynomial algorithm. 

There may be more hope to refine the algorittm~ of  [1] in a different direction, 
as in the matroid case [5]. In that paper a method was presented which combined at 
one step many augmentations of  the type used here, and then performed these 
• 'grand augmentations" in a special order. For  the resulting scheme, the auxiliary 
digraph can change in a rather limited way, and this leads to a purely combinatorial 
convergence argument (that is, one which does not depend on the size of augment- 
ations). 

4.2. Computing a maximizingy. The algorithm we have described is able to deter- 
mine a minimizing set Ac=E in the rain--max formula of  Theorem 2.2 by recogniz- 
ing that the current y is close enough to being maximum. The question arises whe- 
ther the algorithm can be used to find a maximizing y, under the same integrality 
assumptions o n f a n d  x. In polymatroid terminology, this is the problem of  comput- 
ing a basis in an integral polymatroid. There is a simple property of  integral poly- 
matroids which allows the present algorithm to be used. (In fact, this property is 
part of the definition [7].) Namely, every maximal integral vector y satisfying y ~ x  
and ) 'CP(f) ,  has maximum component-sum. We can obtain an integral ) ,~P( f ) ,  
such that y (E) ~min  (f(A) +x(E",,A) : A ~ E) - n, by simply rounding down to the 
next integer each component of  the y with which the algorithm terminates. For eEE 
such that y~<x~, we use the algorithm again to test whether increasing .v~ by 1 
yields a vector in P(f). In this way, after at most 2n applications of  the algorithm, 
we obtain a maximal integral vector y satisfying y ~ x  and y~.P(f). ]'his is the 
desired maximizing y in Theorem 2.2, and it has been computed in pseudo-polyno- 
mial time. 

4.3. Computing (1,)~). It is also of interest to compute an expression ~ ( 2 y :  iEl) 
for  the maximizing y as a convex combination of vertices of P(f), or to compute such 
an expression for any element of  P(f). The ellipsoid method [8] can also do this in 
polynomial time. The finite algorithm of  [1] computes (I, 2), but the present version 
of  it clearly does not. The problem of computing (/, 2) by an efficient combinatorial 
algorithm is interesting, and is not easy even for some cases where there do exist 
easy methods for computing y and A in Theorem 2.2. For  example, let {E, F} be 
a bipartition of  a graph G, let x j = l  for jEE, and l e t f (A)  denote [{fEF: f i s  
adjacent to an element of  A}I. Then f is a polymatroid function, and y and A of  
Theorem 2.2 are easily computed by a bipartite matching algorithm. But I see no 
easy way to obtain an expression for y as a convex combination of vertices of P(f). 

4.4. Some applications. The algorithm described here provides a polynomial-time 
combinatorial algorithm to minimize an integer-valued submodular function g 
satisfying, for example, g(A)<=kn for all A ~ E  and some constant k. We mention 
several examples. For  each of  them there already exists a more efficient combinatorial 
algorithm, but that algorithm uses more information than just the values of  g. For  
example, where rl and r 2 are rank functions of  matroids on E, let g(A)=rl(A)+ 
+r2(E'x.A). The minimum of  this function is well known to be the maximum cardi- 
nality of  a common independent set of  the two matroids. Similarly, one can use the 
algorithm to compute the mininmm of  IE',,,AI+Zri(A), which is the maximum 
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cardinali ty o f  a set part i t ionable into sets independent in each o f  k matroids,  having 
rank funct ions r 1 . . . .  , r k. 

Finally, we describe an applicat ion due to Bouchet  [2]. Let  G be a strongly 
connected d igraph having vertex-set E, and let M be its adjacency matrix. Given 
A, B ~ E, let M ( A ,  B )  be the submatr ix  o f  M whose rows are indexed by A and whose 
columns are indexed by B. Define g(A)  to be the rank o f  M ( A ,  E'x,A) plus the rank 
o f  M(E 'x ,A ,  A). For  all A, O c A c E ,  g(A)=>2. I t  is no t  ditficult to see that  there 
exists A with g ( A ) = 2  and [A]_>-2 <- IE",,-~I if  and only  if G is decomposable ,  as in 
[3]. I t  is possible [4] to find such an  A, or  determine that  none  exists, by minimizing 
at mos t  n 2 submodula r  funct ions easily obtained f rom g, and these funct ions have 
values bounded  by n. 
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