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ON SUBMODULAR FUNCTION MINIMIZATION
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Earlier work of Bixby, Cunningham, and Topkis is extended to give a combinatorial algo-
rithm for the problem of minimizing a submodular function, for which the amount of work is bound-
ed by a polynomial in the size of the underlying set and the largest function value (not its length).

1. Introduction

Let E be a finite set. A real-valued function g defined on subsets of E is sub-
modular if

g(A)+g(B) = g(4UB)+g(ANB)

for all A, BGE. Familiar examples of submodular functions include cut functions,
g(4) is the sum of (positive) capacities of edges leaving 4, where E is the vertex-set
of a flow network, and matroid rank functions: g(A) is the rank of A, where E is the
set of elements of a matroid. The problem of minimizing a submodular function
includes as special cases, those of finding the minimum cut in a flow network, test-
ing whether a given vector is a convex combination of incidence vectors of indepen-
dent sets of a matroid, or testing whether a given vector is a feasible solution to any
of a number of combinatorial optimization models, such as polymatroid intersection.
Other applications and a description of the close connection between submodular
functions and convex functions can be found in the survey paper of Lovasz [9].

The general algorithmic problem of submodular function minimization is
usually treated in an oracle context, that is, we assume that function g is available
only through a “black box™ subroutine which computes g(4) for any A4S E. The
computational effort of a minimization algorithm is measured by the number of calls
on the oracle, plus the amount of other computation performed; that is, an oracle-
call 1s regarded as an “elementary step”.

For the sitnation in which g is integer-valued and known to satisfy [g(4)|=M
for some positive integer M and all ACFE, Grotschel, Lovasz, and Schrijver [8]
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have given a minimization algorithm for which the running time is bounded by a
polynomial in n=[E| and log M. This is therefore a polynomial-time algorithm
1n the usual sense. However, it is based on the ellipsoid method, and seems to be of
little practical value, We.mention two special cases in which more satisfactory mini-
mization algorithms are known. If the submodular function g is known to be a cut
function, there is an easy algorithm [6] to construct a flow network realizing g, using
an oracle for g. Combining this procedure with well-known methods for finding a
minimum-capacity cut in a network, we have an efficient combinatorial algorithm
for cut-function minimization. If the submodular function g is known to be of the
form g(A)=r(4)—x(A4), where ris the rank function of a matroid and x(A4) deno-
tes > (x;: j€A) for a vector (x;: j¢E) (we use this notation throughout), then
there is an efficient combinatorial minimization algorithm [3]. (Here we mention
that r and x need not be known.) These two minimization algorithms share the desi-
rable property that the number of steps counting oracle calls and arithmetic opera-
tions as single steps, is bounded by a polynomial in n, independent of the size, or even
the rationality, of g, furthermore, the number of digits of any number occurring during
this computation is bounded by a polynomial of the number of digits in the input
number, that is, they are *‘strongly polynomial”. In addition, the only arithmetic
operations that they need are additions, subtractions, and comparisons. Of course,
the ellipsoid method does not enjoy these properties.

However, the two special cases just mentioned seem to be the only ones so
far solved in a satisfactory manner. It i$ an outstanding open problem to find a
practical combinatorial algorithm to minimize a general submodular {unction,
which also runs in polynomial time. In [1] a combinatorial approach to the problem,
which generalizes the one used in the matroid case [3], was introduced, but the result-
ing algorithm was proved only to be finite. In this paper we describe an algorithm
based on the same ideas, which runs in “psendo-polynomial time”. That is, where g
is integer-valued and satisfies |g(4)|=M forall ACE, its running time is bounded
by a polynomial in #n and M. For several applications, for example, the matroid inter-
section problem, M is itself polynomially-bounded, and hence also is this algorithm.

2. Preliminaries

We review the approach described in {1, Section 4] and the underlying results
of Edmonds [7]. That approach is based on the minimization of functions of the
form f(A)+x(E\A), where x¢RE and fis a polymatroid function, that is, f is
submodular, increasing (f(A)=f(B), il A2B), and normalized (f(9)=0).
Any submodular function minimization problem can be reduced to one of this
form, based on the following easy result from [4].

Lemma 2.1. Let x;=g(EN{j})—g(E), for each jEE. Define f hy f(A)=
=g(A)+x(A)—g®). Then [ is a polymatroid function. |

For any ALCE,
SA+x(ENA) = f(A)—x(4)+x(E)
= g(A)—-g®+x(E),
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so f(A)+x(ENA4) is minimized precisely when g is minimized, as required. In addi-
tion, we can assume that x=0, by the following argument. By submodularity,
g(EN{/})—g(E)=g(A\{j})—g(A4) for any ASE with jed. Therefore, if
x;=0, then j can be an element of no minimizer of g. Hence, where B= THRY /0}
we can restrict attention to the function ¢’ defined on subsets of EXB by g’ (4)y=g(4).
The motivation for minimizing F{A)+x(ENA), where [ is a polymatroid
function and x is non-negative, comes from the work of Edmonds [7]. Consider the
polyhedron P(N)=1{yeRE: y=0, y(A)=f(4) for all ASE}; P(f) is a “*poly-
matroid”, The next result pr0v1des a characterization of minimizers of
J(A)+x(ENA4). Notice that, if g 1s integer-valued, then so too are x and f.

Theorem 2.2. (Edmonds) max (3 (£): y = x, 1GP(]))—mm (FA)+x(ENA): AS E).
Moreover, if [ and x are integer-valued, then there exists a maximizing y w /11(11 is
integer-valued. |}

Notice that max=min in Theorem 2.2 is obvious. That Theorem 2.2 does
provide a good characterization of the minimum is not completely obvious. It t'ol—
lows from the facts that y€ P(f) can be expressed as a convex combination > (4;¢'
i€ ) of at most n-+1 extreme points ¢ of P(f), and that Edmonds’ “greedy aloo-
rithm’™ {7] gives a good characterization of extreme points.

Given yeP(f), aset ACE is y-tight if y(4)=f(A4). The union and inter-
section of tight sets are easily shown 1o be tight also, so there is a unique maximal
tight set, which we denote by ¢l (y), the closure 01 ». The main result of [1] 15 an
cfficient dlgomhm which, given an extreme point ©' of P(f), constructs a poset Q;
on cl () whose fower ideals (sets BSecl(2) such that a=bcB implies aCB)
are prec1sel) the ¢'-tight sets. Moreover, for each pair a, b such that a covers b in
Q;, there is a number e=¢;(a, b)=0, also easily computed, such that ' +e{a}--¢c{b}
18 also an extreme point of P(f). (For ACE, we also use 4 to denote the incidencc
vector of 4, so v'+ef{a}—e{b} is obtained from »* by raising component a by &
and lowering component b by &.) Finally, for each a¢ct(:*) there is a number
e=g/(a, s) (this notation turns out to be convenient), also easily computed, such
that »'+¢{a] is an extreme point of P(f).

The above result, combined with the characterization of min ( F(A)+x(ENA))
in Theorem 2.2, motivates the tollowing augmenting path approach. We have extreme
points ‘z“,‘iél, of P(f) and positive numbers /;, i</, adding to one, such that
y=2/ (%" icl)y=x. (We may begin for example, with /= {O} =0, and 2,=1,
so y=0.) We wish either to find 4 such that y(E)=f(4)+x(E\A). so Ais a mini-
mizer, or “augment” y to a new y (and /, 1) providing a better lower bound on the
minimum. We construct a digraph G=G (/. ) as follows. The vertex-setis E'U{r, s},
where r, s1E. There is an edge (r, @) for every a€ E such that yp,<x,. There 1s an
edge (a, b) for every pair a, b€ E such that, for some i€/, acoversh in (,_),-. There 18
an edge (a, ) for every a€ E such that for some i€/, agcl (2.

Suppose that there exists no directed path from » to s in G. Then there is a
set A such that no edge leaves AU {r}. It follows that y(ENA4)=x(ENA), since
¥;=x; foreach '—E\A Moreover, 4 1s ¢'-tight for each i€1], so y(A)= 2,() v (A):
1451) Z’(/,j(A) i€1)=f(A). Hence Y(E)=f(A)+x(ENA), and we are finished.

Suppose, on the other hand, that there is a directed path in G having vertex-
SEQUENCE 1=y, dy, Ay, ..., A, Gy, =5 We can construct an expression for '=

m:
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=y+d{a,} (for some §>0) as a convex combination of at most n+m+1 extreme
points, as follows: For each j, 1=j=m, choose i(j)€l such that a; covers a;.,
in Qyy, or a;¢cl (@) if j=m, and let ¢; denote the associated e (a;, a;+1)-
Replacing 4;;y by Ai;y—«; and increasing the coefficient of v*+e;{a;}—¢;{a;.1},
or ¥™+¢ {a,} by a;>0, has the effect of raising component a; of y by «;¢; and
(if j<m) of lowering component a;,; by «;,,¢;+,. If we choose each a; so that
a;¢;=0 for all j, and make this change for each j, we obtain an expression for y'=
=y+6{a,} as a convex combination of at most n+m+ 1 extreme points of P(f),
provided that the «; are sufficiently small. We must choose § so that

¢ = x(a))—y(ay);
and so that
Gl iy =i0), 1= =m)l =4y, 1=2j=m

If we let k() denote the cardinality of the above set, then the largest possible value
for ¢ 1s

min (x(a,) —y(ay), min (4;;)e;/k(j): 1 = j = m)).

After performing such an augmentation we can use a standard method from
linear programming to obtain an expression for y” as a convex combination of at
most n+ 1 extreme points. (This technique is not the simplex method; it is just the
method for turning a feasible solution into a basic feasible solution.) It requires
O (®) time, as does the method for constructing G, so finding and performing a single
augmentation can be done in time O (#®). In [1] arguments which involve refining the
augmentation step so that the set / changes at each step, and can never be repeated,
lead to a finite algorithm. Those arguments do not depend on any discreteness as-
sumptions about f or x. In this paper we attempt to choose an augmentation whose
amount 6 is relatively large: for this approach to give useful bounds, we do need
assumptions about f and x.

3. A refined algorithm

As pointed out before, if g is integer-valued, then so too are f and x. By a
well-known result [7], each extreme point »* of P(f) is integer-valued in this case, and
hence also are the numbers g;(a, b). Now suppose that g satisfies [g(4d)|=M for
ACE. Then f satisfies

F(4) = g(A)—gO+2 (g(EN{ip—g(E): je4)
= 2M(|A|+1), forall 4 S E.

Moreover, x satisfies x;=g(EN\{/})—g(E)=2M, for all jcE. In the sequel we
assume, for convenience, that M has been redefined so that the factor of 2 disappears.
That is, we assume that f(A)=M(|4|+1) for all ASE and that x;=M for all
j€E. The method for obtaining an improved bound is based on the following result.

Theorem 3.1. Suppose that f is integer-valued and satisfies f(A)=M(A|+1) for all
ACSE. Let N be a positive number. Given y, 1, ). at any stage of the algorithm, there is
an efficient algorithm which finds either
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@) An (r,s) dipath in G(I, A) giving an augmentation of amount at least
N/{Mn(n+1)*);
or

(b) 4 set ASE with y(E)+N=f(A)+x(E\4).

Proof. We claim that if ACE satisfies y(E)+N=f(A4)+x(E\A), then there
exists either an edge (r, a) of G with a¢ 4 and x,—y,=N/(Mn(n+1)*), or an edge
(a,b) with acA and be(E\A)U{s} and icI with a covering b in Q; and
Ai8i(a, b)/n=N/(Mn(n+-1)*). Then the algorithm which searches for an (r, 5) dipath
in the subgraph of G having only edges of these two types must terminate with either
(a) or (b). (We are using the fact that any augmenting path has m=n and hence
min (A;;e;/k(j): 1=j=m) is at least min (A;ye,/n: 1=j=m).) Now we prove
the claim. Let p=f(4)—y(A).

First, consider the case when p<N(|4|+1)/(n+1). Then A=E would
imply p=f(E)—y(E)=N, a contradiction, so n—]4{=1. Now x(E\A)—
—y(ENA)=N—p, so there exists jeENA with

x;—y; = (N=p)(n—|A4]) = (N N(4] +D/(n +1))/(n—|A4])

= N/(n+1) = N/(n(n+1*M),
as required.
Next consider the case when p=N(|A|+1)/(n+1). In this case, it is clear
that p=>0. Then p=f(4)—y(4)= 3 (4,(f(A)—v'(A)): i€I). Hence there exists
i€l with 4,(f(4)—2'(4))=p/(n+1). For this i, f(4)>v'(4). Since f(4)—2 (A)=

=f(A)=M(A4|+1),
fA)=M(4]+1) 4 = pl((n+1) M(JA|+ 1)),

= Nj(n+1)* M.

Now since f(4)>v'(4), there exist ac4, be(ENA)U{s} such that a covers b in
Q;. Then ¢(a,b)=1, so Aieg(a, b)/n=N/(n(n+1)*M), as required. ||

Let us put N=1 in Theorem 3.1. The first time that the algorithm fails to
find an augmentation of amount at least 1/(Mn(n+1)?), it finds a set ASE such
that f(4)+x(EN\A4)<y(E)+1. But then it follows from Theorem 2.2 that this 4
minimizes f(4)+x(E\4), and we are finished. On the other hand, since
max (y(E): y=x, ye P(f)) cannot exceed x(E)=Mn, there can be at most
M?n?(n+1)? augmentations of amount at least 1/(Mn(n+1)?). Hence, the algorithm
terminates after at most M2n2(n+ 1)? augmentations.

We can improve this bound on the number of augmentations by using Theo-
rem 3.1 in a slightly more sophisticated way. Let g denote n(n+1)*M and let K
denote |log nM . (Unless otherwise specified, the logarithm base is 2.) We refine the
algorithm further, as follows. For k=K, K—1, ..., 0, look for and perform augmen-
tations of amount at least 2%/q, until the above method first fails to find one. At the
beginning of stage k, the current v satisfies y(£)+2**'=min (f(4)+x(E\4):
ACE). Thisis true for k=K by the definition of X, and for other values of k
follows from putting N=2*+1/g in Theorem 3.1. Therefore, the number of augmen-
tations during stage k is at most 2¢*1/(2%/g)=2q. It follows that the total number
of augmentations is at most 2g(K+1). (Actually, there is a lot of slack in these
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bounds. It is easy to see that, il the number of augmentations in stage & is 2¢g,
then there can be no more augmentations at all in later stages. In fact, one can
show that there can be at most ¢ log Mn augmentations in total.) Thus we have a
bound of O(Mn?®log Mn) for the number of augmentations, and a time bound of
O (Mnf log Mn) for the algorithm.

There is a simpler version of the algorithm for which the same time bound
holds. Suppose that, at each step, we find an augmenting path which maximizes
min (x(a;)—y(a;), min (4;;y¢;/n: 1=j=m)), and stop when this value becomes less
than 1/(Mn(n+ 1)?). Then every angmentation in this “‘greedy” method will be valid
in the above “staged” method, so the greedy method has the same bound on the
number of augmentations. It is slightly more work to find an augmenting path in
the greedy method than in the other method, but this work is dominated by the
other work (auxiliary digraph construction, linear algebra) involved in an augmen-
tation, so the overall bound is valid.

The greedy method has the advantages of being simpler to state and of making
sense (except for the termination criterion) even in case g is not assumed to be in-
teger-valued. (Lest the reader be misled by the name, the greedy method does not
attempt to find an augmentation of largest possible amount: that would seem to be
very difficult to do.)

We remark that there is a slightly more direct proof of the bound for the
greedy method. By Theorem 3.1 the gap between the current 3(£) and
min (f(A)+x(E\A): AZE) changes by a factor of at most 1—1/q, where
g=Mn(n+1)*. Since the natural logarithm function satisfies In(1+z)<:z for
—1=z=0, we have gln(l—-1/g)<—1=In(l/e). Therefore, (1—1/g)"™*m
<(l/e)" ™D =1/Mn. Since the initial gap is at most Mn, it follows that the gap is
less than 1 after at most ¢ In (Mir) augmentations. After at most ¢ more augmenta-
tions the algorithm can be terminated, giving the same O(Mn(n+1)?log (Mn))
bound for the number of augmentations.

4. Remarks

4.1. Improving the bound. The bound we have obtained is based on the fact that
each augmentation changes the gap between the current and final values of y(E)
by a factor of at most (¢— 1)/g. The fact that ¢ depends linearly on M leads to the
pseudo-polynomial bound. If, for example, we could always {ind an augmentation
for which the corresponding ratio were determined by a polynomial in 7 only, we
would obtain a polynomial bound. Such a result would seem to depend on the exis-
tence of i€/ and an edge (a, b) of G leaving ASE with ¢;(a, b) large, whenever
f(A)—y(A) is large. (In the proof of Theorem 3.1 we used only the fact that
¢(a.b)=1, by integrality.) In particular, one might expect such an edge to exist
whenever f(A)— ¢! (A) is large. This need not be true, as the following example shows.
Let E={1.2,3}, and define f by f(®)=0, f({IN=N+1, f({2})=3N, f({1,2}))=
=f({3)=4N. ({1, 3)=5N, f({2, 3})=/({1. 2, 3})=6N. Here N is a large integer.
It is easy to check that fis a polymatroid function, and that v=(¥+1,3N—1, 2N)
is a vertex of the associated polymatroid. The poset determined by v is linearly or-
dered, with 3 covering 2, and 2 covering 1. Hence the only edge of G leaving
A=1{2,3} is (1), and (2, D=f({2})—r,=1. But f(A)—v(A)=6N—-(SN—-1)=



SUBMODULAR MINIMIZATION 191

=N+1.. This example suggests that the arguments used here to obtain a pseudo-
polynomial algorithm may not be enough to obtain a polynomial algorithm.

There may be more hope to refine the algorithm of [1] in a different direction,
as in the matroid case [5]. In that paper a method was presented which combined at
one step many augmentations of the type used here, and then performed these
“grand augmentations™ in a special order. For the resulting scheme, the auxiliary
digraph can change in a rather limited way, and this leads to a purely combinatorial
convergence argument (that is, one which does not depend on the size of augment-
ations).

4.2. Computing a maximizing 3. The algorithm we have described is able to deter-
mine a minimizing set A £ in the min—max formula of Theorem 2.2 by recogniz-
mg that the current y is close enough to being maximum. The question arises whe-
ther the algorithm can be used to find a maximizing y, under the same integrality
assumptiom on fand x. In polymatroid terminology, this is the problem of comput-
ing a basis in an integral polymatroid. There is a simple property of integral poly-
matrolds which allow% the present algorithm to be used. (In fact, this property 1s
part of the definition [7].) Namely, every maximal integral vector y satisfying y=x
and y€ P(f), has maximum component-sum. We can obtain an integral y€P(f),
such that y(E)zmin (f(4)+x(E\A4): ASE)—n, by simply rounding down to the
next integer each component of the y with which the algorithm terminates. For e€ E
such that y,<x,, we use the algorithm again to test whether increasing y, by |
yields a vector in P(f). In this way, after at most 2n applications of the algorithm,
we obtain a maximal integral vector y satisfying y=x and peP(f). This is the
desired maximizing y in Theorem 2.2, and it has been computed in pseudo-polyno-
mial time.

4.3. Computing (/, 2). 1t is also of interest to compute an expression > (4;0°: i€ /)
for the maximizing y as a convex combination of vertices of P(f), or to compute such
an expression for any element of P(f). The ellipsoid method [8) can also do this in
polynomial time. The finite algorithm of [1] computes (Z, 2), but the present version
of it clearly does not. The problem of computing (Z, 1) by an efficient combinatorial
algorithm is interesting, and is not easy even for some cases where there do exist

easy methods for computing y and A in Theorem 2.2. For example, let {E, F} be
a bipartition of a graph G, let x;=1 for j€E, and let f(4) denote [{fEF: fis
adjacent to an element of A}[ Then fis a polymatroid function, and y and A4 of
Theorem 2.2 are easily computed by a bipartite matching algorithm. But I see no
easy way to obtain an expression for y as a convex combination of vertices of P(f).

4.4. Some applications. The algorithm described here provides a polynomial-time
combinatorial algorithm to minimize an integer-valued submodular function g
satisfying, for example, g(4A)=kn for all ASE and some constant k. We mention
several examples. For each of them there already exists a more efficient combinatorial
algorithm, but that algorithm uses more information than just the values of g. For
example, where r; and r, are rank functions of matroids on E, let g(Ad)=r(4)+
+ry(EN.A). The minimum of this function is well known to be the maximum cardi-
nality of a common independent set of the two matroids. Similarly, one can use the
algorithm to compute the minimum of |[EN 4|+ Jr;(4), which is the maximum
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cardinality of a set partitionable into sets independent in each of & matroids, having
rank functions ry, ..., ;.

Finally, we describe an application due to Bouchet [2]. Let G be a strongly
connected digraph having vertex-set E, and let M be its adjacency matrix. Given
A, BCE, let M(A, B) be the submatrix of M whose rows are indexed by 4 and whose
columns are indexed by B. Define g(4) to be the rank of M (A4, E\ 4) plus the rank
of M(E\A4, A). For all A, 8c ACE, g(4)=2. It is not difficult to see that there
exists 4 with g(4)=2 and [A]=2=|E\A] if and only if G is decomposable, as in
[3]. It is possible [4] to find such an A, or determine that none exists, by minimizing
at most n? submodular functions easily obtained from g, and these functions have
values bounded by n.
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